Introduction
In this paper, we give a proof of my conjecture on the partial C 0 -estimate for Kähler-Einstein metrics with positive scalar curvature. As a corollary, as I already pointed out in [Ti09] , the Gromov-Hausdorff limits of Kähler-Einstein metrics are projective varieties.
Let M be a compact manifold which admits Kähler metrics with its first Chern class c 1 (M ) positive. We denote by K(M ) the set of all Kähler metrics ω on M with Kähler class [ω] = c 1 (M ). Consider its set 
Clearly, K(M,
It follows from [CCT95] The proof of this is based on the regularity theory in [TW11] and an extension of the L 2 -estimate to singular spaces like (M ∞ , ∞). Theorem 1.4 and 1.6 were announced with an outlined proof in our expository paper for the proceeding of Calabi's 85th birthday edited by Bourguignon, Chen and Donaldson. In the next section of this note, we provide a proof of the first theorem following the arguments in [Ti12] . The second theorem follows easily as we indicated above. During the preparation of this note, we learned that Donaldson and Sun [DS12] also gave an independent and different proof of Theorem 1.4, though the two proofs share some overlapping ideas which appeared in previous works. One can also find a proof of Theorem 1.6 in [DS12] . In Section 3, we give a proof for Theorem 1.7. In Section 4, we discuss the extension of Theorem 1.4 to conic Kähler-Einstein metrics. An outlined proof will be given while details will appear later.
Proving Theorem 1.5
The proof of Theorem 1.5 is essentially a localized version of the proof for the following: 
It follows from Lemma 2.2 and the standard Moser iteration since the Sobolev constants of (M i , ω i ) are uniformly bounded due to some results of C. Croke and P. Li (see [Ti87] and its references).
It follows that by taking a subsequence if necessary, we may assume σ i a converges to a σ ∞ a as i tends to ∞. Furthermore, one can show that ρ ωi,ℓ are uniformly continuous and converge to ρ ω∞,ℓ which is also continuous on M ∞ .
Thus, in order to prove Theorem 1.5, we only need to show
Since ρ ω∞,ℓ is continuous and M ∞ is compact, it suffices to show that for any
This can be achieved by using the L 2 -estimate and the structure results on M ∞ from [CCT95] .
According to [CCT95] , for any r i → 0, by taking a subsequence if necessary, we have a tangent cone C x of (M ∞ , ω ∞ ) at x, where C x is the limit lim i→∞ (M ∞ , r −2 i ω ∞ , x) in the Gromov-Hausdorff topology, satisfying: 1. C x is a Kähler cone with vertex o; 2. Each C x is regular outside a closed subcone S x of complex codimension at least 2. Such a S x is the singular set of C x ; 3. There is an natural Kähler Ricci-flat metric g x on C x \S x which is also a cone metric.
Since g x is a Kähler cone metric, its Kähler form ω x is equal to √ −1∂∂ρ 2 x on the regular part of C x , where ρ x denotes the distance function from the vertex of C x , denoted by x for simplicity. In other words, the trivial bundle
2 whose curvature is ω x . Without loss of generality, we may choose r i such that k i = r −2 i are integers. Now we fix some notations: For any r > 0 and 0 < δ < ϵ, we denote by V (x; δ, ϵ, r) the set
where B R (o, g x ) denotes the geodesic ball of (C x , g x ) centered at the vertex and with radius R.
If C x has isolated singularity, i.e., ∂B 1 (x) is smooth, then we can drop ϵ and write
By [CCT95] , for any given δ, ϵ > 0, whenever i is sufficiently large, there are diffeomorphism
where S is the singular set of M ∞ , satisfying:
, where B R (x) the geodesic ball of (M ∞ , ω ∞ ) with radius R and center at x;
(2) If g ∞ is the Kähler metric with the Kähler form ω ∞ on M ∞ \S, then
where the norm is defined in terms of the metric g x .
Lemma 2.4.
There is an integer a > 0 such that for i sufficiently large, there are δ i → 0 1 and isomorphisms ψ i from the trivial bundle
commuting with ϕ i satisfying: Proof. First we note that by a recent result of Colding-Naber [CN10] , the regular part Reg(C x ) of C x is geodesically convex, so its universal cover Reg(C x ) is a finite cover, say of the order a ≥ 1. Since g x is a Kähler Ricci-flat metric on C x , the induced metric on RegC x has its holonomy group in SU(n) and consequently, K
−a
Cx admits a parallel section. It follows that for i sufficiently large, K −a M∞ is trivial over ϕ i (V ) for any open subset V whose closure is contained in Reg(C x ). This makes it plausible to construct the isomorphisms ψ i . For simplicity, we assume a = 1 or equivalently, Reg(C x ) is simply-connected, otherwise, we do the following on its universal cover Reg(C x ). We cover V (x; δ, ϵ, 2) by finitely many geodesic balls B sα (y α ) (1 ≤ α ≤ N ) such that the closure of each B 2sα (y α ) is strongly convex and contained in Reg(C x ). Now we construct ψ i . For simplicity of notations, we fix a sufficiently large i and write r = r i , k = k i etc.. First we constructψ α over each B 2sα (y α ). For any y ∈ B 2sα (y α ), let γ y ⊂ B 2sα (y α ) be the unique minimizing geodesic from y α to y. We defineψ α as follows: First we 
where T is the unit tangent of γ y and X is a vector field along γ y with [T, X] = 0. Here we have used the fact that D Tψα = 0 which follows from the definition. Using the curvature formula, we see that it is the same as
Using lim
we deduce from the above that D T (D Xψα (a)) converges to 0 as i tends to ∞.
Since D Xψα = 0 at y α , we see that ||Dψ α || C 0 (U ) can be made sufficiently small. The higher derivatives can be bounded in a similar way.
Next we want to modify eachψ α to get the required ψ = ψ i . For any α, β, we set
, one can deduce from the simply-connectedness that this cycle has to be exact, moreover, by replacing each U α by B sα (x α ), we can construct ζ α : B sα (x α ) → S 1 satisfying:
It is easy to show that this ψ has all the properties we asked.
We also have the following extension property: Lemma 2.5. Given any c > 0, there is a constant C, which may depend on c and the cone C x 2 , such that for any holomorphic function f on V (x; δ, ϵ, 2) with |f |, |df | ≤ c and f
2 It is possible to remove the dependence on C ′ x by using known estimates on Green function over manifolds with non=negative Ricci curvature.
Proof. This is proved by using the Green function on B 1 (x, g x ) with boundary value 0. Let η be a cut-off function satisfying: η(t) = 0 for t ≤ 1, η(t) = 1 for t ≥ 2 and |η ′ (t)| ≤ 1. Define
where s ∈ (0, 1) and v ∈ ∂B 1 (x, g x ). Then F vanishes near the singularity of C x and smooth on Reg(C x ). Clearly, ∆F supports in V (x; δ, ϵ, 2)\V (x; 2δ, 2ϵ, 2), moreover, for some uniform constant C ′ , we have
and
If G(·, ·) denotes the Green function on B 1 (o, g x ) with boundary value 0, then we have
Note that for any y = √ δv as given and z ∈ V (x; δ, ϵ, 2)\V (x; 2δ, 2ϵ, 2), we have
Since S x is codimension at least 4 and the dimension of C x is at least 4, we can deduce from the above estimates ∫
B1(o,gx)
∆F (z)G(y, z)dz ≤ Cϵ 2 log δ.
Then the lemma follows easily from (2.9).
Now we can apply the L 2 -estimate to proving (2.6), and consequently, Theorem 1.5. Fix 0 < δ < ϵ small and to be determined later. For each i sufficiently large, there is a section
Clearly, ||τ i || is greater than 1 inside B 1 (x) and less than 1 outside B 1 (x). By Lemma 2.4, ||∂τ i || ≤ Cδ i for some uniform constant C. Let η be the cut-off function satisfying: η(t) = 0 for t ≤ 1, η(t) = 1 for t ≥ 2 and |η ′ (t)| ≤ 1. We define for any y = sv ∈ V (x; δ, ϵ, 2)
Here l is a large integer which depends only on ϵ. Then by choosing ϵ sufficiently small, one can easily showτ i extends to a Lipschitz section of K −lki
, where C denotes a uniform constant. 
then by applying the standard elliptic estimates, we can get
. On the other hand, it is clear that ||σ i || are uniformly bounded, hence, as i tends to ∞, σ i restricted to ϕ i (B 3/2 (o, g x ))\S converges to a holomorphic function f on B 3/2 (o, g x ) with f ≥ 1/2 on ∂B 1 (o, g x ). Then it follows from Lemma 2.5 that
By applying the second estimate in Corollary 2.3 to σ i , we get
) is less than 2 √ δr i for i sufficiently large, we deduce from the above estimates
hence, if we choose 0, δ < ϵ satisfying: 32C √ δ = ϵ n(n+1) and 16Cϵ 2 log δ < 1, then ρ ω∞,ℓ (x) > 1/8. The theorem is proved.
Proving Theorem 1.7
Clearly, Theorem 1.7 can be proved by the arguments in proving Theorem 1.5 in last section once we prove the following lemma. Proof. We outline a proof here. First we observe the Bochner identity on
Thus we can minimize the functional
among all the sections with finite H 1,2 -norm. It is easy to show that the minimizer, say u, exists and satisfies the equation
moreover, such a minimizer u is smooth outside S and ∫
Put w =∂ * u, then we have
It follows
On the other hand, we have ∫
Hence, by the standard Moser iteration, we can show that ||w|| is bounded on M ∞ . Then we can do integration by parts and get from the equation on w ∫
The lemma is proved.
If (M ∞ , ω ∞ ) is the Gromov-Hausdorff limit of (M, ω i ) with [ω i ] = c 1 (M ) and Ric(ω i ) ≥ t i ω i for some t i → 1, then we hope to deduce from Theorem 1.7 that ρ ωi,ℓ ≥ ϵ for a sufficiently large ℓ and a sufficiently small ϵ > 0. We still have the analogous version of Lemma 2.2 and consequently, the estimates in Corollary 2.3. It follows that ρ ωi,ℓ are uniformly continuous and converge to a continuous limit function on M ∞ , however, this limit may not coincide with ρ ω∞,ℓ since we do not know an analogue of Proposition 2.1 for almost Kähler-Einstein metrics, or more generally, for Kähler metrics with Ricci curvature bounded from below. 
Extension to conic Kähler-Einstein metrics
The theory of smooth Kähler-Einstein metrics can be generalized to the metrics with conic angle along a divisor. For simplicity, here we consider only the case of smooth divisors 4 . Let M be a compact Kähler manifold and D ⊂ M be a smooth divisor. A conic Kähler metric on M with angle 2πβ (0 < β ≤ 1) along D is a Kähler metric on M \D that is asymptotically equivalent along D to the model conic metric
where z 1 , z 2 , · · · , z n are holomorphic coordinates such that D = {z 1 = 0} locally. Each conic Kähler metric can be given by its Kähler form ω which represents a cohomology class in In this section, we discuss the generalizations of Theorem 1.4 and Theorem 1.6 to conic Kähler-Einstein metrics of positive scalar curvature. Let us first describe our main results in this section. Let M be a Fano manifold and D be a smooth divisor which represents the Poincare dual of λc 1 (M ). We call ω a conic Kähler-Einstein if its Kähler class equals to 2πc 1 (M ) and satisfies:
(4.1)
Here the equation on M is in the sense of currents, while it is classical outside D. We require µ > 0 which is equivalent to (1−β)λ < 1. In the following, we show the main steps in proving Theorem 4.2. As before, it suffices to prove the estimate ρ ωi,ℓ ≥ ϵ uniformly for any sequence of This can be proved by applying the L 2 -estimate for∂-operator to conic manifolds (M, D, ω i ) and taking the limit. This last step is similar to that in the proof of Proposition 2.1.
Once we establish these, the remaining crucial ingredient is to have a version of Lemma 2.4. Then we can proceed as in the proof of Theorem 1.5 except that we need to choose different cut-off functions which correspond to the potential of the Poincare metric on a punctured disc. The details will be presented later.
